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Laminar Natural Convection
From Isothermal Vertical
Cylinders: Revisting
a Classical Subject
Although an extensively studied classical subject, laminar natural convection heat
transfer from the vertical surface of a cylinder has generated some recent interest in
the literature. In this investigation, numerical experiments are performed to determine
average Nusselt numbers for isothermal vertical cylinders (102 < RaL < 109;
0:1 < L=D < 10, and Pr¼ 0.7) situated on an adiabatic surface in a quiescent
ambient environment. Average Nusselt numbers for various cases will be presented
and compared with commonly used correlations. Using Nusselt numbers for isothermal
tops to approximate Nusselt numbers for heated tops will also be examined. Furthermore,
the limit for which the heat transfer results for a vertical flat plate may be used as
an approximation for the heat transfer from a vertical cylinder will be investigated.
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Introduction

Laminar natural convection heat transfer from the vertical
surface of a cylinder is a classical subject, which has been studied
extensively. When the boundary layer thickness d is small com-
pared to the diameter of the cylinder, Nusselt numbers may be
determined by approximating the curved vertical surface as a flat
plate. However, when the boundary layer thickness is large com-
pared to the diameter of the cylinder, effects of curvature must be
taken into account. Many investigators have studied the curvature
limits for which the flat-plate model can be applied to estimate
Nusselt numbers for vertical cylinders. Furthermore, these investi-
gators have presented Nusselt number correlations for isothermal
vertical cylinders.

In most heat transfer textbooks, including but not limited to
Incropera et al. [1,2], Holman [3], Burmeister [4], and Gebhart
et al. [5], the accepted limit for which the flat-plate solution can
be used to approximate average Nusselt numbers for vertical
cylinders (Pr¼ 0.72) within 5% error is
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where D is the diameter of the cylinder, L is the height of the
cylinder, and GrL is the Grashof number based on the height of
the cylinder. This limit was derived by Sparrow and Gregg [6] in
1956 using a pseudosimilarity variable coordinate transformation
and perturbation technique for solving the heat transfer and fluid
flow adjacent to an isothermal vertical cylinder. They assumed the
boundary layer thickness at the leading edge to be zero and they
made use of the boundary layer approximation (all pressure gra-
dients are zero and streamwise second derivatives are neglected)
and Boussinesq approximation (density difference are small). In
addition, Nusselt numbers for vertical cylinders (Pr¼ 0.72 and 1;

0< n< 1) are presented as a truncated series solution and plotted.
The curvature parameter n arose from a coordinate transformation
done by Sparrow and Gregg [6] and is defined as

n ¼ 4L
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Around the same time as Sparrow and Gregg, LeFevre and Ede
[7,8] solved the governing equations using the same assumptions
as [6] with an integral method to obtain a correlation for vertical
cylinder average Nusselt numbers, which is shown below
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In this equation, NuL is the average Nusselt number and Pr is the
Prandtl number.

In 1974, Cebeci [9] extended the work of Ref. [6] by numeri-
cally solving the governing equations using the boundary layer
approximation for 0:01 � Pr � 100 and 0< n< 5. The results of
Cebeci for the average Nusselt number for an isothermal vertical
cylinder Pr¼ 0.72 have been correlated in Popiel [10] with range
of deviation from �0.34% �0.66%
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In this equation, NuL,fp is the average Nusselt number for the
isothermal flat plate. Typically, the value for NuL,fp is taken from
the Churchill and Chu [11] correlations for natural convection
from a vertical flat plate.

NuL;fp ¼ 0:68þ 0:670Ra
1=4
L

½1þ ð0:492=PrÞ9=16�4=9
(5)

In this equation, RaL is the Rayleigh number based on the height
of the cylinder.

1Corresponding author.
Contributed by the Heat Transfer Division of ASME for publication in the

JOURNAL OF HEAT TRANSFER. Manuscript received December 26, 2011; final manu-
script received August 13, 2012; published online January 3, 2013. Assoc. Editor:
Giulio Lorenzini.

Journal of Heat Transfer FEBRUARY 2013, Vol. 135 / 022505-1Copyright VC 2013 by ASME

Downloaded 06 Feb 2013 to 155.31.130.193. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Also in 1974, Minkowycz and Sparrow [12] continued the
work of Ref. [6] by investigating the impact of different levels of
truncation in the series solution. Their findings indicate good
agreement with Ref. [6] with a maximum deviation of 4%
between the average Nusselt number solutions. They obtained
results in graphical form for 0< n< 10 and for Pr¼ 0.733.

In the late 1980s, Lee et al. [13] solved the boundary layer
equations for nonuniform wall temperature using the similarity
solution method. Their work extends that of Fujii and Uehara
[14], except that unlike the authors of Ref. [14] who present infor-
mation for local Nusselt numbers only, the authors of Ref. [13]
present correlations for both the local and average Nusselt num-
bers for 0< n< 70. The average Nusselt number correlation in
Ref. [13] for 0:1 � Pr � 100 when the wall temperature is uni-
form is reduced to
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and F and G are functions such that

FðnÞ ¼ �2:92620þ 1:66850n1=2 � 0:21909nþ 0:011308n3=2

(7)

and

G ¼ 0:29369þ 0:32635Pr�0:19305 (8)

with NuL,fp being defined as
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Although much classical work on the natural convection heat
transfer from isothermal vertical cylinders has been reported,
there has been recent interest in the subject as seen by a contem-
porary review article in 2008 on the subject by Popiel [10]. In
2003, Muñoz-Cobo et al. [15] studied power-law temperature dis-
tributions following on the work of Lee et al. [13]. In addition,
several investigators have recently used either experimental
means [16,17] or older analytical and numerical techniques [18]
to study natural convection from a vertical cylinder.

Popiel et al. [17] conducted an experimental study on natural
convection from an isothermal vertical cylinder. The investigators
in Ref. [17], using the data reported in Ref. [9], propose a new
limit for which the flat plate solution can be used to approximate
the average Nusselt numbers with 3% error
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where a¼ 11.474, b¼ 48.92, and c¼�0.0006085. Furthermore,
experiments were conducted on an isothermal vertical cylinder
with an insulated-top situated on an insulated surface for
Pr ¼ 0:71; 1:5� 108 < RaL < 1:1� 109, and 0 < L=D < 60. The
results of this study were correlated into the following equation:

NuL � ARan
L (11)

where
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and

n ¼ 0:25� 0:00253
L
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Their results agree fairly well with Cebeci [9] for the higher Ray-
leigh numbers which were studied.

In the majority of the work done on natural convection heat
transfer from vertical cylinders, the top of the cylinder is usually
assumed to be adiabatic. Despite the vast amounts of literature
available, to the best knowledge of the authors, very few investi-
gators have studied the effect of a heated top on the average Nus-
selt number. In 1978, Oosthuizen [19] examined the effect of
cylinders having heated exposed ends on the average Nusselt
number. In general, he found that the average Nusselt numbers for
the heated ends was up to 30% lower in some cases compared to
the equivalent cylinder with an adiabatic end.

Very recently, Eslami and Jafarpur [20] (who built upon the
previous work of several other studies [21–24]) investigated lami-
nar natural convection from isothermal cylinders with active ends.
These authors present a generalized semiempirical method to cal-
culate average Nusselt numbers from arbitrary shapes in which
they use to present results for specific geometric cases, including
vertical cylinders. The generalized equation for the Nusselt num-
ber for a vertical cylinder with one active end (heated top) based
on the square-root of the area is

Nu ffiffiffi
A
p ¼ Nu0 ffiffiffi

A
p þ f ðPrÞGdynRa

1=4ffiffiffi
A
p (14)

where f(Pr) is the Prandtl function

f ðPrÞ ¼ 0:670

½1þ 0:5=PrÞ9=16�4=9
(15)

and they dynamic gravity function is defined as
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BFFþ Gup
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Ra
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where the body force function is

BFF ¼
Nu0 ffiffiffi

A
p

f ðPrÞ � Glow

(17)

C ¼ 0:34þ 0:046 � BFF (18)

and the lower-bound and upper-bound gravity force functions spe-
cifically for a vertical cylinder with one heated end are

Glow ¼ 0:9524=3 � pD2=4
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The conduction limit for circular cylinders 0 � L=D � 8 is

Nu0 ffiffiffi
A
p ¼ 8:00þ 6:95ðL=DÞ0:76

ð2pþ 4pðL=DÞÞ1=2
(21)

The Nusselt numbers based on the square-root of the area
were converted to Nusselt numbers based on the height (L) of
the cylinders when later compared to the results of the present
study.

High-quality natural convection heat transfer experiments that
correctly interrogate heated shapes in air are inherently difficult to
perform, which is reflected in the lack of experimental data avail-
able in the literature. Much analytical and numerical work is
inconsistent due to the practices of (1) neglecting the streamwise
second derivative in the Navier–Stokes equation (i.e., using
boundary layer approximation), (2) using boundary conditions
that are not representative of the space surrounding real objects,
and (3) method of solution (integral, pseudosimilarity, finite-dif-
ference). Previous work typically places the boundary at the top
of the cylinder instead of considering the effect of the resulting
plume on the boundary layer of the vertical surface. In addition,
the majority of previous investigators ignored the effect of a
heated top in the calculation of the average Nusselt numbers.

The goal of this work is to perform numerical experiments
which take into account the streamwise second derivatives in the
governing equations and allow for full plume growth to determine
average Nusselt numbers for laminar isothermal vertical cylinders
(102 < RaL < 109; 0:1 < L=D < 10, and Pr¼ 0.7) situated on an
adiabatic surface in a quiescent ambient environment. The results
will be compared against all other known classical solutions for
isothermal vertical cylinders. Furthermore, the validity of Eqs. (1)
and (10) for determining the range at which the flat-plate solution
may be used as an approximation for a vertical cylinder will be
investigated. Finally, the effect of ignoring a heated top on the av-
erage Nusselt numbers will be shown.

Problem Formulation

Physical Model and Solution Domain. Consider a vertical
cylinder with isothermal walls and an adiabatic or heated top of
diameter D and height L situated on an adiabatic surface in a qui-
escent, constant-temperature ambient environment. The top will
either be adiabatic in order to investigate the accuracy of the clas-
sical sidewall solutions, or isothermal (heated top) in order to
compare against the adiabatic-top case. Due to both geometric
and thermal axisymmetry, this problem may be modeled as two-
dimensional. The solution domain is presented in Fig. 1.

In Fig. 1, r and z are the radial and axial coordinates, respec-
tively. Furthermore, W is the width of the solution domain which
is set to 5D and H is the height of the solution domain which is
equal to (24DþL). The aspect ratio of the cylinder AR¼L/D is
varied parametrically, 0:1 � AR � 10.

Governing Equations. The subsequent dimensionless varia-
bles are used in writing the governing equations

R ¼ r

L
; Z ¼ z

L
; UR ¼

ur

�=L
; UZ ¼

uz

�=L
;

h ¼ T � T1
Tcylinder � T1

; P ¼ p� p1

qð�=LÞ2
(22)

and

GrL ¼
gbðTcylinder � T1ÞL3

�2
; Pr ¼ cpl

k
(23)

Here, r and z are the radial and axial coordinates, respectively,
ur and uz are the radial and axial velocity components, � is the

kinematic viscosity, T is the temperature, Tcylinder is the tempera-
ture at the wall of the cylinder, T1 is the ambient temperature far
from the cylinder, p is the local pressure, p1 is the freestream
pressure, g is gravity, b is the coefficient of thermal expansion, cp

is the specific heat at constant pressure, l is the dynamic viscosity,
and k is the thermal conductivity. All thermal properties are
assumed to be constant and Pr¼ 0.7.

The governing equations for axisymmetric, laminar, incompres-
sible, natural convection flow are

Conservation of mass

1

R

@ðRURÞ
@R

þ @ðUZÞ
@Z

¼ 0 (24)

Conservation of momentum in the Z-direction

UR
@UZ
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þ UZ

@UZ

@Z
¼ � @P

@Z
þ 1

R

@

@R
R
@UZ

@R
þ @

2UZ

@Z2
þ GrLh (25)

Conservation of momentum in the R-direction

UR
@UR

@R
þ UZ

@UR

@Z
¼ � @P

@R
þ 1

R

@

@R
R
@UR

@R
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2UR

@Z2
� UR

R2
(26)

Conservation of energy

UR
@h
@R
þ UZ

@h
@Z
¼ 1

Pr

1

R

@

@R
R
@h
@R
þ @

2h
@Z2

� �
(27)

The Boussinesq approximation can be employed here due to
negligible density differences. The viscous dissipation and work
terms can be neglected in the energy equation because of the small
velocities encountered in natural convection flow.

Boundary Conditions. The temperature at the vertical surface
of the cylinder is Tcylinder and the no-slip condition is applied. The
boundary conditions at the surface of the cylinder in dimension-
less form are

UR ¼ UZ ¼ 0 and h ¼ 1 (28)

Fig. 1 Schematic diagram of the solution domain
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The top surface of the cylinder is either adiabatic

@h
@Z
¼ 0 (29)

or isothermal

h ¼ 1 (30)

In both of these cases, no-slip applies

UR ¼ UZ ¼ 0 (31)

On the bottom surface of the fluid domain, adiabatic and no-slip
boundary conditions are applied such that

UR ¼ UZ ¼ 0 and
@h
@Z
¼ 0 (32)

Along the axis of symmetry (R¼ 0) the boundary conditions are

UR ¼
@UZ

@R
¼ @h
@R
¼ 0 (33)

Relatively weak boundary conditions (the so-called opening
condition in ANSYS CFX) are placed at the far-field boundaries at
the top and side of the solution domain. The conditions allow the
flow to either entrain into the domain or flow out. Specified at
these boundaries are the pressure and the temperature of the fluid
if entering into the domain.

At the top of the solution domain

P ¼ 0 and h ¼ 0 if UZ < 0 (34)

Along the side of the solution domain

P ¼ 0 and h ¼ 0 if UR < 0 (35)

Solution

ANSYS CFX 12.0, a finite-volume-based computational fluid dy-
namics solver, was used to perform the numerical experiments.
Unlike the classical methods of using the integral method, solving
for the boundary layer equations, using semiempirical analysis,
and/or perturbation techniques, ANSYS CFX 12.0 solves for the full
conservation of mass, momentum, and energy equations. Further-
more, in the numerical approach here, solution domain boundaries
are extended further out minimizing boundary condition assump-
tions in the area of the flow (i.e., the plume at the top of the cylin-
der is allowed to grow, whereas in the classical solutions, the
boundary is cut-off at the top of the cylinder).

The number of nodes used was 210,000. Mesh independence
was established by multiplying the number of nodes by two. The
average Nusselt numbers of the two meshes varied by less than
0.3%.

The boundaries of the solution domain were placed far enough
away as to not affect the solution of the area of interest, in this
case, the heat transfer at the cylinder. In order to make sure that
the boundaries did not interfere with the heat transfer results, the
height and width of the solution domain were varied and tested.

Results and Discussion

Adiabatic Top. Results will now be presented to compare the
current work (Pr¼ 0.7) to other classical solutions (Pr � 0:7) for
laminar natural convection from an isothermal cylinder with an
adiabatic top.

Figures 2–10 have been prepared to show the average Nusselt
numbers versus Rayleigh number for several different aspect

Fig. 2 Insulated-top average Nusselt number versus Rayleigh
number for AR 5 0.1

Fig. 3 Insulated-top average Nusselt number versus Rayleigh
number for AR 5 0.125

Fig. 4 Insulated-top average Nusselt number versus Rayleigh
number for AR 5 0.2
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Fig. 5 Insulated-top average Nusselt number versus Rayleigh
number for AR 5 0.5

Fig. 6 Insulated-top average Nusselt number versus Rayleigh
number for AR 5 1

Fig. 7 Insulated-top average Nusselt number versus Rayleigh
number for AR 5 2

Fig. 8 Insulated-top average Nusselt number versus Rayleigh
number for AR 5 5

Fig. 9 Insulated-top average Nusselt number versus Rayleigh
number for AR 5 8

Fig. 10 Insulated-top average Nusselt number versus Rayleigh
number for AR 5 10
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ratios. The current numerical experiments (Present) are compared
with previous work by LeFevre and Ede [7,8]—Eq. (3), Cebeci
[9]—Eq. (4), Minkowycz and Sparrow [12], Lee et al. [13]—
Eqs. (6)–(9), Popiel [10]—Eqs. (10)–(13), and the isothermal lam-
inar vertical flat plate correlation from Churchill and Chu [11]—
Eq. (5). Furthermore, the present data have been correlated into an
equations for Pr¼ 0.7 and plotted in the figures. The resulting cor-
relation was developed using the MATLAB surface fitting tool using a
nonlinear least squares method with a least absolute residuals robust
algorithm and are presented below. The R-squared value was 0.9999.

For 0:1 � AR � 1

NuL ¼ �0:2165þ 0:5204Ra
1=4
L þ 0:8473

L

D

� �
(36)

For 2 � AR � 10

NuL ¼ �0:06211þ 0:54414Ra
1=4
L þ 0:6123

L

D

� �
(37)

The applicability limits of vertical flat-plate solution as an
approximation of the average heat transfer coefficient for an iso-
thermal vertical cylinder are shown in Figs. 2–6 by solid vertical
black lines (for Figs. 7–10, the limits are located at RaL greater
than those of interest). These figures include the range proposed
by Sparrow and Gregg [6] (Eq. (1)) (within 5% of flat plate) and
the more conservative estimate provided by Popiel using the data
of Cebeci [9,10] (Eq. (10)) (within 3% of flat plate).

As the Rayleigh number increases, all solutions asymptotically
approach the flat-plate solution. As the aspect ratio increases, the
cut-off Rayleigh number for which the flat-plate solution can be
used to approximate the Nusselt number increases.

For AR¼ 0.1, Sparrow and Gregg claim that the flat-plate solu-
tion can be used to approximate Nusselt numbers for RaL greater
than 100. However, upon inspection of Fig. 2, the present solution
deviates from that of the flat plate by a much as 32%. Further-
more, the present solution deviates from that of Minkowycz and
Sparrow (virtually the exact same results as Cebeci) by upwards
of 36%. It is interesting to note, that the solutions of LeFevre and
Ede were determined using an integral method, yet the deviation
from that solution and the present solution is approximately 13%.
Furthermore, the solutions of Lee et al. are very close to that of
LeFevre and Ede. Extrapolation of results for AR¼ 0.1 places the
limit at RaL � 105 for 5% deviation from the flat plate.

Figures 3–6 present similar stories. The present data are closer
to that of LeFevre and Ede than it is to Minkowycz and Sparrow
(Cebeci); and the higher the aspect ratio, the closer the present so-
lution is to LeFevre and Ede. Also observed is that the higher the
aspect ratio, the closer the present solution (and LeFevre and Ede)
approaches that of the flat-plate solution in this range of aspect
ratios (0:1 � AR � 1). Interestingly, the reverse trend is seen in
the data of Minkowycz and Sparrow (Cebeci)—as the aspect ratio
increases, the data get farther away from the flat-plate solution,
which is evidenced by the approximation line increasing in Ray-
leigh number.

At one end of the aspect ratio spectrum (AR¼ 0.1), according
to the data of LeFevre and Ede, Lee et al., and the present work,
the Sparrow and Gregg limit is at a too low of a Rayleigh number.
However, when AR¼ 1, according to the data of LeFevre and
Ede, Lee et al., and the present work, the Sparrow and Gregg limit
predicts the valid usage of the flat-plate approximation at too high
of a Rayleigh number.

For AR¼ 0.125, the limit can be placed at RaL � 105 for 6%
deviation from the flat plate. Extrapolating, for AR¼ 0.2, Nusselt
numbers deviate approximately 5% at RaL � 105. For AR¼ 0.5
and AR¼ 1, the limit can be placed at RaL � 105 and RaL � 103

for 4% and 6% deviations, respectively.
Next, attention will be turned to Figs. 7–10. In this group of

aspect ratios (which are representing more tall, slender cylinders:

2 � AR � 10), there is no question that any of the solutions can
be approximated using the flat plate. Here, the results of LeFevre
and Ede and Lee et al. differ slightly more, with the present solu-
tion found in between these two. For AR¼ 2, the present results
differ from Minkowycz and Sparrow (Cebeci) by as much as
34%. As the aspect ratios increase, the percent difference between
all of the solutions decreases. As an aside, for AR¼ 8 and 10, the
lower Rayleigh numbers are out of the range of curvature parame-
ters for which the Minkowycz and Sparrow (Cebeci) solutions are
valid (0 < n < 10) and are therefore not plotted.

It is of particular interest to note that in many heat transfer text-
books, including Refs. [1–3], after being instructed to determine
whether curvature effects are important using Eq. (1), the reader is
directed to use the results of Refs. [6,9], and/or [12], which are the
results from Sparrow, Gregg, Minkowycz and Cebeci.

Heated Top. As was mentioned in the Introduction, very little
work has been presented on natural convection from vertical
cylinders with heated tops. Oosthuizen [19] included in his work
the case of an isothermal cylinder situated upright on an adiabatic
base with a heated top (like the present). Oosthuizen’s experimen-
tal data include only 11 data points, two of which fall under
the same aspect ratios simulated here AR¼ 1 and 2. Eslami and
Jafarpur [20] presented the case of an isothermal cylinder with
both ends (top and bottom) active. In the present manuscript, the
generalized equations presented in Ref. [20] were used to deter-
mine the average Nusselt numbers for an isothermal cylinder with
only the side and top heated and have included this data with the
present results (details in the Introduction).

Similar to the adiabatic case, the present data were correlated
using the same method and plotted using the following equations.

For 0:1 � AR � 0:2

NuL ¼ �0:2823þ 0:2657Ra
1=4
L þ 3:657

L

D

� �
(38)

For AR¼ 0.5

NuL ¼ �128:3þ 0:3692Ra
1=4
L þ 64:7

L

D

� �
(39)

For AR¼ 1

NuL ¼ 0:1557þ 0:4718Ra
1=4
L þ 0:315

L

D

� �
(40)

For 2 � AR � 10

NuL ¼ �0:3903þ 0:5399Ra
1=4
L þ 0:6367

L

D

� �
(41)

As the aspect ratio decreases, the vertical cylinder looks
increasingly more like an isothermal horizontal disk. Therefore,
careful attention must be paid to the laminar-turbulent transition
Rayleigh number for a heated horizontal disk. According to
recent experiments by Kitamura and Kimura [25], the transitional
diameter-based Rayleigh number RaD for air lies between 1
and 2� 106. All Nusselt numbers presented here are for
RaD � 1� 106, when the cylinder height-based Rayleigh number
RaL is converted to a diameter-based Rayleigh number.

Since at low aspect ratios, the vertical cylinder looks like a thin,
horizontal heated disk, a well-validated empirical correlation
proposed by Kobus and Wedekind [26] for the average Nusselt
number for isothermal upward-facing horizontal disks in air will
be plotted for AR< 1. The correlation is reproduced below.

For 3� 102 � RaD � 104

NuD ¼ 1:759Ra0:130
D (42)
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and for 104 � RaD � 3� 107

NuD ¼ 0:9724Ra0:194
D (43)

Although presenting the data for an upward-facing horizontal disk
in terms of the diameter-based Rayleigh and Nusselt numbers
makes more sense, the diameter-based Nusselt numbers for the
correlation will be converted into height-based Nusselt numbers
so that they may be plotted on the figures for comparison
purposes.

Figures 11–19 show present results for both the adiabatic- and
heated-top cases for varying Rayleigh numbers and aspect ratios.
Results using the technique of Eslami and Jafarpur (except for
AR¼ 10 since that fell out of the range of applicability of the
equations) are plotted. The two experimental data points of
Oosthuizen are plotted for AR¼ 1 and 2 in Figs. 15 and 16, and
the horizontal isothermal disk correlation is shown for AR< 1
(Figs. 11–14).

Like Oosthuizen reported, the average Nusselt numbers for the
heated top are lower than that for the adiabatic top. Solutions
from Eslami and Jafarpur fall between the adiabatic- and heated-
top cases for the lower aspect ratios (AR � 0:2) and line up with
the insulated-top case for AR � 0:5. The Eslami and Jafarpur
solutions deviate at low values of the Rayleigh number, perhaps
suggesting a Rayleigh-number limit for their solution. The
Oosthuizen data points appear to be outliers on the graphs with an

approximately 40% deviation for AR¼ 1 and 5% deviation for
AR¼ 2.

Of further interest is the good agreement of the heated-top case
with the horizontal disk correlation for the average Nusselt

Fig. 15 Comparison of average Nusselt number versus
Rayleigh number for AR 5 1

Fig. 11 Comparison of average Nusselt number versus
Rayleigh number for AR 5 0.1

Fig. 12 Comparison of average Nusselt number versus
Rayleigh number for AR 5 0.125

Fig. 13 Comparison of average Nusselt number versus
Rayleigh number for AR 5 0.2

Fig. 14 Comparison of average Nusselt number versus
Rayleigh number for AR 5 0.5

Journal of Heat Transfer FEBRUARY 2013, Vol. 135 / 022505-7

Downloaded 06 Feb 2013 to 155.31.130.193. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



numbers, which helps validate the claim that as the aspect ratio
decreases, the vertical cylinder with a heated top looks more like
a thin heated disk from a heat transfer perspective. For AR¼ 0.1,
the maximum percent difference between the heated-top case and
the horizontal disk is approximately 5%. As the aspect ratio
increases, the percent difference increases slightly. It is also
interesting to note that the Eslami and Jafarpur results, although
experimentally validated for L/D¼ 0.1 and 0.5, do not agree with
either the present solution or Kobus and Wedekind.

The percent difference between the insulated-top case and the
heated-top case remains relatively constant for all values of the
Rayleigh numbers for a given aspect ratio, and as the aspect ratio
increase, the percent difference decreases. For AR¼ 0.1, the
percent difference between the two is around 40%, for AR¼ 1,
the difference is 10%, and for AR¼ 10, the percent difference is
on the order of 1%. Nusselt numbers for heated-top cylinders with
aspect ratios greater than 2 can be approximated using the
adiabatic-top solution to within 5%.

Concluding Remarks

In the present study, numerical experiments have been
performed to interrogate the average natural convection Nusselt
numbers for laminar isothermal vertical cylinders situated on
an adiabatic surface in a quiescent ambient environment for
Pr ¼ 0:7; 102 < RaL < 109, and 0:1 < L=D < 10. From the
results, a new average Nusselt number correlation was developed.
The case where the top of the cylinder is adiabatic was compared
to several other frequently cited classical solutions found in heat
transfer textbooks, as well as other solutions less cited. It was
found that the highly cited classical solutions (Minkowycz and
Sparrow, Cebeci) were not always in agreement with the present
solution or the other less-cited vertical cylinder solutions (LeFevre
and Ede, Lee et al.). Furthermore, the limit for which the average
Nusselt numbers for the flat-plate solution may be used as an
approximation for the vertical cylinder (which, again, is refer-
enced in all commonly used heat transfer textbooks) did not agree
with the data of LeFevre and Ede, Lee et al., or the present
investigation.

The case where the cylinder has a heated top has received less
attention. Results from the present study show that the average
Nusselt numbers for the heated top are less than that for the adia-
batic top. Also, when the aspect ratio is low, the Nusselt numbers
agree more with the upward-facing isothermal disk; and when the
aspect ratio is high, the average Nusselt number approaches that
of the average Nusselt number for an isothermal vertical cylinder

Fig. 16 Comparison of average Nusselt number versus
Rayleigh number for AR 5 2

Fig. 17 Comparison of average Nusselt number versus
Rayleigh number for AR 5 5

Fig. 18 Comparison of average Nusselt number versus
Rayleigh number for AR 5 8

Fig. 19 Comparison of average Nusselt number versus
Rayleigh number for AR 5 10
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with an adiabatic top. A correlation for isothermal cylinders with
heated tops is proposed and results are compared with known
investigations (including a very recent study). Further analytical
and experimental data for cylinders with heated tops and thin hori-
zontal heated disks are needed.

Nomenclature

A ¼ coefficient/area
a ¼ coefficient

AR ¼ aspect ratio, L/D
b ¼ coefficient

BFF ¼ body force function
C ¼ constant
c ¼ coefficient

cp ¼ specific heat at constant pressure
D ¼ diameter of the cylinder
F ¼ function
f ¼ function

G ¼ function
g ¼ gravitational constant

Gdyn ¼ dynamic gravity function
Glow ¼ lower-bound gravity function
Gup ¼ upper-bound gravity function

Gr ffiffiffiAp ¼ Grashof number, gbðTcylinder�T1Þ
ffiffiffi
A
p 3

=�2

GrD ¼ Grashof number, gbðTcylinder�T1ÞD3=�2

GrL ¼ Grashof number, gbðTcylinder�T1ÞL3=�2

H ¼ height of solution domain
�h ¼ aspect ratio, L/D
k ¼ thermal conductivity
L ¼ height of cylinder
n ¼ coefficient

Nu ffiffiffi
A
p ¼ average Nusselt number, �h

ffiffiffi
A
p

=k

Nu0 ffiffiffi
A
p ¼ conduction limit

NuL ¼ average Nusselt number, �hL=k
NuL;fp ¼ average Nusselt number of flat plate

P ¼ dimensionless pressure, ðP�P1Þ=qð�DÞ2
p ¼ pressure

p1 ¼ free-stream pressure
Pr ¼ Prandtl number, cpl=k

R, Z ¼ dimensionless cylindrical coordinates, (r,z)/D
r, z ¼ cylindrical coordinates

RaD ¼ Rayleigh number, GrDPr
RaL ¼ Rayleigh number, GrLPr

T ¼ temperature
Tcylinder ¼ temperature at the vertical surface of the cylinder

T1 ¼ temperature of the ambient environment
UR;UZ ¼ dimensionless velocity components, ður; uzÞ=ð�=DÞ

W ¼ width of solution domain

Greek Symbols

b ¼ isobaric coefficient of thermal expansion
d ¼ boundary layer thickness
h ¼ dimensionless temperature, ðT�T1Þ=ðTcylinder�T1Þ
l ¼ dynamic viscosity of the fluid
� ¼ kinematic viscosity of the fluid
n ¼ curvature parameter, ð4L=DÞðGrL=4Þ�1=4

q ¼ density of the fluid
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